MAKING NON-TRIVIALLY 
ASSOCIATED MODULAR CATEGORIES 
FROM FINITE GROUPS 



M. M. Al-Shomrani & E. J. Beggs 

Department of Mathematics 
University of Wales, Swansea 
Singleton Park, Swansea SA2 8PP, UK 

February 2003 



ABSTRACT : We show that the double T> of the non-trivially associated tensor cat- 
egory constructed from left coset representatives of a subgroup of a finite group X is a 
modular category. Also we give a definition of the character of an object in this category 
as an element of a braided Hopf algebra in the category. This definition is shown to 
be adjoint invariant and multiplicative on tensor products. A detailed example is given. 
Finally we show an equivalence of categories between the non-trivially associated double 
T> and the trivially associated category of representations of the Drinfeld double of the 
group D(X). 

1 Introduction 

This paper will make continual use of formulae and ideas from and these definitions 
and formulae will not be repeated, as they would add very considerably to the length of 
the paper. The paper [2] is itself based on the papers jSlEj, but is mostly self contained 
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in terms of notation and definitions. The book jU] has been used as a standard reference 
for Hopf algebras, and f3J as references for modular categories. 

In |2j there is a construction of a non-trivially associated tensor category C from data 
which is a choice of left coset representatives M for a subgroup G of a finite group X. 
This introduces a binary operation • and a G-valued 'cocycle' r on M. There is also a 
double construction where X is viewed as a subgroup of a larger group. This gives rise 
to a braided category T>, which is the category of reps of an algebra D, which is itself in 
the category, and it is the category that we concentrate on in this paper. 

It is our aim to show that the non-trivially associated algebra D has reps which have 
characters in the same way that the reps of a finite group have characters, and also that 
the category of its representations has a modular structure in the same way that the 
category of reps of the double of a group has a modular structure. 

We begin by describing the indecomposable objects in C, in a similar manner to that 
used in jl]. A detailed example is given using the group D 6 . Then we show how to find 
the dual objects in the category, and again illustrate this with the example. 

Next we show that the rigid braided category D is a ribbon category. The ribbon 
maps are calculated for the indecomposable objects in our example category. 

In the next section we explicitly evaluate in T> the standard diagram for trace in a 
ribbon category Then we define the character of an object in T> as an element of the 
dual of the braided Hopf algebra D. This element is shown to be right adjoint invariant. 
Also we show that the character is multiplicative for the tensor product of objects. A 
formula is found for the character in T> in terms of characters of group representations. 

The last ingredient needed for a modular category is the trace of the double braiding, 
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and this is calculated in T> in terms of group characters. Then the matrices S, T and C 
implementing the modular representation are calculated explicitly in our example. 

Finally we show an equivalence of categories between the non-trivially associated dou- 
ble T> and the category of representations of the Drinfeld double of the group D(X). 

Throughout the paper we assume that all groups mentioned are finite, and that all 
vector spaces are finite dimensional. We take the base field to be the complex numbers C. 

2 Indecomposable objects in C 

The objects of C are the right representations of the algebra A described in j2J. We now 
look at the indecomposable objects in C, or the irreducible representations of A, in a 
manner similar to that used in [3]. 

Theorem 2.1 The indecomposable objects in C are of the form 

where O is an orbit in M under the G action <, and each V s is an irreducible right 
representation of the stabilizer of s, stab(s). Every object T in C can be written as a 
direct sum of indecomposable objects in C. 

Proof. For an object T in C we can use the M-grading to write 

T = 0T s , (1) 

but as M is a disjoint union of orbits O s = {s<u : u E G } for s G M, T can be rewritten 
disjoint sum over orbits, 

T = (&T , (2) 

o 
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where 

To = Q)T s . (3) 
Now we will define the stabilizer of s G O, which is a subgroup of G, as 

stab(s) = {u G G : s<u = s}. 

As (rj<u) = (r])<u for all rj G T, T s is a representation of the group stab(s). Now fix a 
base point t G 0. Because stab(i) is a finite group, T t is a direct sum of irreducible group 
representations Wi for i = 1, .., m, i.e., 

m 

r« = ©Wi. (4) 

i=l 

Suppose that (9 = {ti, t 2 ? ^n} where £i = t, and take n, e G so that tj = t<itj. Define 

n 

^ = 0Wi<M i C0T 8 . (5) 

j=i sgo 

We claim that each is an indecomposable object in C. For any v G G and G W^i^, 

(£<u fc )<t; = (^(litTOj -1 ))^, 

where u^vuf 1 G stab(t) for some G G. This shows that C/j is a representation of G. 
By the definition of Ui, any subrepresentation of Ui which contains Wi must be all of U$. 
Thus Ui is an indecomposable object in C, and 

m 

T = 0C^. □ (6) 

i=i 

Theorem 2.2 {Schur's lemma} Let V and W be two indecomposable objects in C, 
and let a : V — ► W be a morphism. Then a is zero or a scalar multiple of the identity. 
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Proof. V and W are associated to orbits O and O' so that V = © sgC , V s and W = 
©seo' As morphisms preserve grade, if a 7^ 0, then O — O . Now if we take 
s 6 O, we find that a : V s — > VF S is a map of irreps of stab(s), so by Schur's lemma for 
groups, any non-zero map is a scalar multiple of the identity, and we have V s = W s as 
representations of stab(s). Now we need to check that the multiple of the identity is the 
same for each s G O. Suppose a is a multiplication by X on V s . Given t £ O, there is a 
mGGso that t<u = s. Then for r\ £ Vt, 

a(rj) = a(?7<]M)<m~ 1 = A(^<iM)<iti~ 1 = Xrj. □ 

Lemma 2.3 Let V be an indecomposable object in C associated to the orbit O. Choose 
s,t G O and u e G so that s<u = t. Then V s and Vt are irreps of stab(s) and stab(t) 
respectively, and the group characters obey Xvi v ) = X Vs ( uvu 

Proof. Note that <u is an invertible map from V s to V t . Then we have the commuting 
diagram T/ ^uvu- 1 ^ 



which implies that trace(<Mfu 1 : V s — > V^) = trace(<if : Vt — > Vt). □ 



3 An example of indecomposable objects 

We give an example of indecomposable objects in the categories discussed in the last 
section. As we will later want to have a category with braiding, we use the double 
construction in [2]. We also use lemma 12731 to list the group characters for every point 
in the orbit in terms of the given base points. 
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Take X to be the dihedral group D 6 = (a,b : a 6 = b 2 = e, ab = ba 5 ), whose elements 
we list as {e, a, a 2 , a 3 , a 4 , a 5 , b, ba, ba 2 , ba?, ba A , ba 5 }, and G to be the non-abelian normal 
subgroup of order 6 generated by a 2 and b, i.e. G = {e, a 2 , a A ,b,ba 2 ,ba 4 }. We choose 
M = {e, a}. The center of _D 6 is the subgroup {e, a 3 }, and it has the following conjugacy 
classes: {e}, {a 3 }, {a 2 , a 4 }, {a, a 5 }, {b,ba 2 ,ba 4 } and {ba, ba 3 , ba 5 }. 

The category T> consists of right representations of the group X = Dq which are graded 
by Y = Dq (as a set), using the actions < : Y x X ^ Y and t> : Y x X ^ X which are 
defined as follows: 

y<x = x yx, and vtt>x = v xv = txt , 

for x E X, y G Y, v, v G G and t,t G M where vt<x = v't . 

Now let V be an indecomposable object in T>. We get the following cases: 
Case (1): Take the orbit {e} with base point e, whose stabilizer is the whole of D$. There 
are six possible irreducible group representations of the stabilizer, with their characters 
given by table(l) [T^ : 



irreps 


{e} 


{a 3 } 


{6, ba 2 ,ba 4 } 


{ba, ba 3 , ba 5 } 


{a 2 , a 4 } 


{a, a 5 } 


li 


2i 


1 


1 


1 


1 


1 


1 


1 2 


2 2 


1 


-1 


-1 


1 


1 


-1 


Is 


2 3 


1 


-1 


1 


-1 


1 


-1 


U 


2 4 


1 


1 


-1 


-1 


1 


1 


Is 


2 5 


2 


-2 








-1 


1 


1 6 


2 6 


2 


2 








-1 


-1 



table (1) 



Case (2): Take the orbit {a 3 } with base point a 3 , whose stabilizer is the whole of D§. 
There are six possible irreps {2\, 22, 23, 2 4 , 2s, 2$}, with characters given by table(l). 

Case (3): Take the orbit {a 2 , a 4 } with base point a 2 , whose stabilizer is {e, a, a 2 , a 3 , a 4 , a 5 } 
There are six irreps {3o, 3i, 32, 33, 3 4 , 3s}, with characters given by table(2), where 

6 



uj = e* 71 "/ 3 . Applying lemma I2"31 gives x v ( v ) = X v ipvb). 

a 4 



irreps 


e 


a 


a 2 


a 3 


a 4 


a 5 


3 


4 


1 


1 


1 


1 


1 


1 


3i 


4i 


1 


u 1 


u 2 


CO 3 


a; 4 


u; 5 


3 2 


4 2 


1 


u 2 


u 4 


1 


a; 2 


a; 4 


3 3 


4 3 


1 


u 3 


1 


c^ 3 


1 


a; 3 


3 4 


4 4 


1 


u 4 


u 2 


1 


u 4 


cu 2 


3 5 


4 5 


1 


cu 5 


u 4 


cu 3 


u 2 


u; 1 



table (2) 



Case (4): Take the orbit {a, a 5 } with base point a, whose stabilizer is {e, a, a 2 , a 3 , a 4 , a 5 }. 
There are six irreps {4o, 4i, 4 2 , 43, 4 4 , 4s } with characters given in table(2). Applying 
lemma l2~3l gives \ v ( v ) = X v (ba 2 vba 2 ). 

a 

Case (5): Take the orbit {b, ba 2 , ba 4 } with base point b, whose stabilizer is {e, a 3 , b, ba 3 }. 
There are four irreps with characters given by table(3). Applying lemma 12.31 gives 
X v 2 0) = Xv h ( a4 va 2 ) and x v , 0) = X Vh (a 2 va 4 ). 





e 


a 3 


b 


ba 3 


5++ 


1 


1 


1 


1 


5+- 


1 


1 


-1 


-1 


5_ + 


1 


-1 


1 


-1 


5__ 


1 


-1 


-1 


1 



table (3) 



Case (6): Take the orbit {ba, ba 3 , ba 5 } with base point ba, whose stabilizer is {e, a 3 , ba, ba 4 }. 
There are four irreps with character given by table(4). Applying lemma l2.3l gives y v a (v) = 

Xv ba ( a4va2 "> and x v 5 0) = x Vba ( a2va > A )- 





e 


a 3 


ba 


ba 4 


6 ++ 


1 


1 


1 


1 


6-+ 


1 


-1 


1 


-1 


6+- 


1 


1 


-1 


-1 


6__ 


1 


-1 


-1 


1 



table (4) 
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4 Duals of indecomposable objects in C 

Given an irreducible object V with associated orbit O in C, how do we find its dual 
V*l The dual would be described as in section |2l by an orbit, a base point in the orbit 
and a right group representation of the stabilizer of the base point. Using the formula 
(s L ■ s)<u = (s L <(s>u)) ■ (s<u) = e, we see that the left inverse of a point in the orbit 
containing s is in the orbit containing s L . By using the evaluation map from V* <E> V to 
the field we can take (V*) s l = (V s )* as vector spaces. We use < as the action of stab(s) 
on (V s )*, i.e. (a<z)(i<z) = a(£) for a G (V s )* and £ G V s . The action < of stab(s L ) on 
(V*) s l is given by a<(s\>z) = a<z for z G stab(s). In terms of group characters this gives 

X (v *) sL ( s>z ) = X (Vg )*( z ) > z e stab(s) . 

If we take O l = {s L : s G O} to have base point p, and choose u G G so that p<u = s L , 
then using lemma 12.31 gives 

X (v *) sL ( s>z ) = X (Vs )*( z ) = X {v -* )p {u{^ z ) u ~ l ) , z e stab(s) . (7) 

This formula allows us to find the character of V* at its base point p as a representation 
of stab(p) in terms of the character of the dual of V s as a representation of stab(s). 

Lemma 4.1 In C we can regard the dual (V <g> W)* as W* <S> V* with the evaluation 

(a®0)(£®!7) = (a^r«)9>,<0 •<*?»)(*/) (^((C), (v))' 1 )®. 

Given a basis {^} of V and a basis {rj} of W, the dual basis {£ <8) i]} of W* <g> U* can 6e 
written in terms of the dual basis of V* and W* as 
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Proof. Applying the associator to (a ® f3) (g) (£ (g) r/) gives 

and then applying the inverse associator gives 

«<r((/3), (0 • (v)) ® ((/M<£), fa))" 1 ® £) ® »?) ■ 

Applying the evaluation map first to /9<r((£), (t?))^ 1 ®^, then to a<r((/3), (0 • (77))® 77 gives 
the first equation. For the evaluation to be non-zero, we need ((/3)<it((£), (r/))" 1 ) ■ (£) = e 
which implies (/?)<r((£), (f]))" 1 = (£) L 5 or equivalently = (£) i<lr ((£)> ( ? ?))- This gives 
the second equation. □ 

Example 4.2 Using {7U we calculate the duals of the objects given in the last section. 

Case (1): TTie orfrzi {e} has left inverse {e}, so X(v*) e = X(v e )*- By a calculation with 
group characters, all the listed irreps o/stab(e) are self-dual, so 1* = l r forr G {1, . . . , 6}. 

Case (2): The orbit {a 3 } has left inverse {a 3 }, so X(v*) 3 — X(v 3 )*- As in the last case 
the group representations are self-dual, so 2* = 2 r for r £ {1, . . . , 6}. 

Case (3): The left inverse of the base point a 2 is a A , which is still in the orbit. As group 
representations, the dual of 3 r is 3g- r (mod 6). Applying lemma FOI to move the base 
point, we see that the dual of 3 r in the category is 3 r . 

Case (4): The left inverse of the base point a is a 5 , which is still in the orbit. As in the 
last case, the dual of 4 r in the category is 4 r . 

Case (5): The left inverse of the base point is itself, and as group representations, all 
case 5 irreps are self dual. We deduce that in the category the objects are self dual. 
Case (6): Self dual, as in case 5. 
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5 The ribbon map on the category T> 

Theorem 5.1 The ribbon transformation 9y : V — > V for any object V in V can be 
defined by 9 V {£) = £< ||£||. 

Proof. In the following lemmas we show that the required properties hold. □ 

Lemma 5.2 9y is a morphism in the category. 
Proof. Begin by checking the X- grade, for £ G V 

\\0v(o\\ = lie <ii^ii|| = ii«n = iieii. 

Now we check the X-action, i.e. that 9y(£<x) = #y (£)<£. 

9 v (£<x) = (£<x)<i\\£<x\\ = (£«x)«(||£||«x) 

= ^xx-'uwx = (£<||£||)<z = e v (0<x. □ 

Lemma 5.3 For any two objects V and WinV, 



9 V ® W = m v l w o o ( e v ® e w ) = ( e v ® e w ) o o 



This can also be described by figure 1: 



V 



w 




V 



w 



V w 





V w 



Proof. First calculate \I/ <S> 77)) for £ G V and 77 G W, beginning with 

To simplify what follows we shall use the substitutions 

77' = £«M and f' = rj<( (0<M) -1 , 
so equation (jHJ) can be rewritten as 

® 77)) = ® 77') 

= 77<((e')<|7 ? 'i)- 1 ® e<|77'|. 

As 77' = £«M = £<\r)\, then |t/| = |£<|t7| | = ( (0 > | ^7 1 \v\, so 

Wi=^ (o<\v\r l ((o>\v\r 1 m\ 

= v<((0>\v\)((0<\v\)r 1 Uv\ 
= v<\vr 1 (0- 1 Mv\- 

Hence if we put y = \\£ ® 77H = ||£|| o = | ^7 1 ~ 1 KHOfa), 

(tf (f <8> 77))< || £<g) 77 II = f <M((£') <|77'|) -1 (p>||e ® »7||) ® 77<|77r 1 (77), 
where, using (JHJ), 

p=U'«\v'\\\ = |e , ^'l|" 1 (e'<l»?'l> = INI<IM|y- 1 = IN<y- 1 
p>IIC®^ll = (IMI <7/~ 1 )> ?/ = (IMISy -1 ) -1 , 

As ||^'<|t7'||| = ^'t' = H77H ^it/" 1 , by unique factorization, t' = (£)<\rf \. Then ||t7||>7/" 
(77) 7/~ 1 t' , which implies that 
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Substituting this in (fT2j) gives 

®77))<||f ®?7|| = £<||f|| ® r)<\\r)\\. □ 
Lemma 5.4 For i/ie um£ object 1 = C m T>, 6x is the identity. 
Proof. For any object V inT>, 9y '■ V — > V is defined by 

MO = £«ll£ll for ^v. 

If we choose V = 1 = C then 0i(f) = £«e = £ as ||f || = e. □ 
Lemma 5.5 For any object V in D , (9y)* = @v* (see figure 2). 




figure 2 

Proof. Begin with 

coew(i)= J2 t*n\\t\\ L ,M\\r 1 ®£= E zm(o l aot 

£g basis of V £G basis of V 

For a 6 7*, we follow figure 2 and calculate 

(9vY(a) = (eval v ®zd) ]T ( a ® (M^O 1 , <0) _1 ) ® l)) 

basis of V 
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Now as r((0 L , (£)) = (C) L (0, 

H<r( @ L ,(t)r 1 \\ = \\t\\*m L (t))- 1 

= <o x <o ler 1 (o^)- 1 ^ -1 

e v (e<r( (o L , (o r 1 ) = (e<r( (o L , (0 r 1 ) « || e«f ( nen L , neii r 1 || 

= Z<(0~ l (0 L ~ 1 (0 L (0\Z\- l (0 L ~ 1 

= t*\z\- 1 (O^ 1 - 

The next step is to find 

ar 1 ^® ((^ler 1 ^" 1 )®!)) = (^^(ii^ier^lUllll)" 1 

®(e<ier 1 (e> i_1 ))®l- 

As 

= (o £ ieiier 1 <oier 1 <o i_1 

=r«o £ ,<o)i^r 1 (o L_1 

= ^((e) L ,(e))ier 1 (eM^Mor 1 

= (0) ler 1 ( (o >r((o L , (o)- 1 ) ( (0<m) L , (or 1 ) , 

then as ||||| = ||£|| L = ^r^, iO)' 1 ^, 

ST 1 (a® ((^ir 1 ^" 1 )®!)) = (a^rKOorC^,^))" 1 .^)" 1 

®(e<ier 1 (e> i_1 ))®e- 
put w = t-komo)- 1 = (o _1 <o L_1 and ^ = (o 11 )- 1 = (((o<v)(o L y 

substituting in (fT3j) gives 

(e v )*(a) = (evaly ® id) ^ ((a<w) ® ler 1 (£) i_1 )) ® £• 

£ G basis of V 
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For a given term in the sum to be non-zero, we require 

IN = 11111 = lief = \t\(tr 1 , (16) 

and we proceed under this assumption. Now calculate 

eval v ((a< W )®(e<|er 1 (0 L " 1 )) = (P<(U\\>P))(C<p) = P(Z) ( 17 ) 

where p = (£) _1 and (3 = a<w( ||£||>p) _1 . Next we want to find ||£||>p. To do 
this, we first find 

u\\<p = (Wiener 1 <o i^r 1 <o £_1 



(18) 



and hence 



= <oiei- l <o««o<«r 1 ( 19 ) 



Thus 



= a*w(($>v)- 1 \t\($- 1 

= <** (e> i_1 ((e) <v)- x ao^r 1 iei (er 1 ( 2 °) 
= a<(Ov((Ovr i \z\(o~ 1 = *«\z\(o- 1 ■ 

Now substituting these last equations in (|15|) gives 

(<v)» = E MMiKO-e (21) 

basis of V with |f | <^> — 1 = 1 1 ck || 

Take a basis fi , £2 £n with (a < ||a || ) being 1 if z = 1, and otherwise. Then 

(9 v )*(a)=ii + = a< \\a \\ = 6y*(a) , 

where £1 , £ 2 , ■ ■ • , £n is the dual basis of V* defined by ( £j ) = 5y . □ 
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Example 5.6 We return to the example of section [3J First we calculate the value of 
the ribbon map on the indecomposable objects. For an irreducible representation V, we 
have By : V — > V defined by #y(0 = £ < ||£|| / or £ £ V- ^ ^ e ^ ase powii s 6 0, we 
/icrae #y(£) = £ <s /br£ G V an(i# : V s — > V s is a multiple Qy, say, of the identity or, in 
more explicitly, trace (6 : V s — > V s ) = 6y dim c (V s ), i.e., 

group character (s) , . 

9y = c^a^ (22) 

And then, for the different cases we will get the following table : 



irreps 


By 


irreps 


9y 


li 


1 


3 4 


a; 2 


h 


1 


3 5 




U 


1 


4 


1 


u 


1 


4i 


a; 1 


h 


1 


4 2 


a; 2 


u 


1 


4 3 


-1 


2i 


1 


4 4 


cu 4 


2 2 


-1 


4 5 




2 3 


-1 


5 ++ 


1 


2 4 


1 


5 + _ 


-1 


2 5 


-1 


5-+ 


1 


2 6 


1 


5__ 


-1 


3 


1 


6++ 


1 


3i 


to 2 


6-+ 


1 


3 2 


u 4 


6+- 


-1 


3 3 


1 


6__ 


-1 



table (5) 



6 Traces in the category V 



Definition 6.1 [13] The trace of a morphism T : V — > V for any object V in V is 
defined by 
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figure 3 

Theorem 6.2 If we evaluate the diagram of definition ^ 1\ in T>, we find 



trace(T)= £ £(T(£)). 

£g basis of V 



Proof. Begin with 



basis of V £e basis of V 

and applying T ® id to this gives 

£G basis of V basis of V 

Next apply the braiding map to the last equation to get 

E *{no«T((o L Aor 1 ®£)= E ^((e'Heir 1 ®^! (23) 

£g basis of V £G basis of V 

where £' = T( £) <r( <£> L , <£> so 

=(T(OM(0 L A0r 1 ) =(TU)M(0 L AOr 1 ) 

(24) 

= (tu))<t( (o L ) (0)" 1 = (e)<r((o i ,(e))- 1 . 

To calculate | £ | we start with 

iiiii = iieii ii = (iei- 1 <o) £ = ieir(<o i ,<or 1 <o i , 

1(3 



which implies that || | = r( {£) L , (£) ) |f I" 1 . Then 

zmt) < \i i r 1 =£mz) <t( (o l , (o r 1 r( <o L , <o ) ki- 1 r 1 
= ^«e><ier 1 )" 1 J 
e' < ill = {no <r( (o r 1 ) <w <o L > (O)ier 1 ) = no < lei 

which gives 

ill r 1 ® e< ill = £ & (<* ><■ Kr 1 r 1 ® T (o* ler 1 

§ £ basis of V £ G basis of V 

Next 

r^Tu^ier 1 ) = (nosier 1 )* iirco^erT 1 
= (T(o<ier 1 )<(iinon<ier 1 )" 1 
= nosier 1 (neiRier 1 )" 1 
= Tu^ierMieii^Moirr 1 
= nosier 1 iei<0" 1 = no^er 1 , 

and finally we need to calculate 

evai(i<((e)<ier 1 )~ 1 ®no<(e>- 1 ) = (l^nery 1 ) cno^o -1 ) • 

We know, from the definition of the action on V*, that 



fi(\\no\n)(no<x) = ^(no). 

If we put x = (£) -1 > we want to show that ||T(£)||>x = ((<0 <l l£l~ 1 ) \ so 

mil** = m-wo- 1 = (oier 1 = «o>icr 1 )«o<ier 1 ) = «v 

which implies that t' = (£)^|£| -1 > an d hence 

||T(0||fti:=||^ = |e|- 1 <0><0" 1 = *<0" 1 *'" 1 



□ 

(exo-'c^Her 1 )- 1 = (tener 1 )- 1 - 
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7 Characters in the category T> 



Definition 7.1 0/ The right adjoint action in V of the algebra D on itself is defined by 



D D 




figure 4 

Definition 7.2 The character xv of an object V inT> is defined by 

D 




figure 5 



Lemma 7.3 For an object V in V we have 



V* V D 



V* V D 

) 





figure 6 
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Proof. 
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Proposition 7.4 The character is right adjoint invariant, i.e. for an object V in T) 



Proof. 



L.H.S. = 




Proposition 7.5 The character of a tensor product of representations is the product of 
the characters, i. e. for two objects V and W in D 

D D 



Proof. 



L.H.S. = 
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Theorem 7.6 We have the following formula for the character; 

Xv (6 y ®x)= E £U«<£>~M£>), 

§6 basis ofVwithy={£ > )\£\- 1 

for xy = yx, otherwise Xv($y ® x ) = 0- 

Proof. Set a = S y <g) cc. To have x v ( a ) 7^ we must have ||a|| = e, i.e. y = y<x 
which implies that x and y commute. Assuming this, we continue with the diagrammatic 
definition of the character, starting with 

( E &(\\t\\ L ,M\\r 1 ®i)®«= E (^((^(or 1 ® I)®"- 

£G basis of V £G basis of V 
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Next we calculate 

* (e<r( (o\ (o r 1 ® = l< «o < 1 1 1 r 1 ® e < i I i 

where £' = CMiO^iO)^ , so 

(e') = (^r( (0 L , (0 )" 1 > = <£«r( (0 L , (0 ) _1 > = (e)<r((e) L , 
From a previous calculation we know that 1 1 1 = r( (£) L j (0 ) l^l" 1 ; so 

l< «e'> < il i r 1 = l< «o <r( (o L , (o r 1 r( (o L , <o ) ler 1 )" 1 
= ^«e><ier 1 ) -1 
e' < ie i = (z<t( (o\ (0 r 1 )< ( r( (o L , (0 ) ir 1 ) = c < ir 1 

which gives the next stage in the evaluation of the diagram: 

E ^(^((OMor 1 ®!)® 

£ £ basis of V 



E (^((eHerT 1 ® e^ier 1 



® a. 



basis of V 

Now we apply the associator to the last equation to get 

E ^((^(^ler 1 )- 1 ® e^ier 1 )® 



§ £ basis of V 

= E ^((MrVMii^ir 1 ^ nd® (e<ier x ®a) 

basis of V 

= E e<((e)<ier 1 )- 1 r((?<ier 1 ),e)® (^ler 1 ®^) 

£G basis of V 

= E ^((0<ier 1 ) -1 ® (^icr 1 ®^®^)) 

£G basis of V 

as r(( £< ), e) = e. Now apply the action < to £ < ® (<5 y ® x) to get 



^(tfyOaO = ^,11^1^1-111 (£<|£| x )<x = 5 y , umi -i £<\$\ 1 x, 
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and to get a non-zero answer we must have 

v = II e P ler 1 = ler 1 (o < icr 1 = lei ler 1 (e> ler 1 = <e> icr 1 - ( 34 ) 

Thus the character of 1/ is given by 

X v (8y®x)= Yl eval(^((0<lel~ 1 )- 1 ® ^ l^l" 1 *)) . 

§G basis of Vwith^^lCr 1 

Next 

busier 1 *) =(e<^r 1 x)<||e<ier 1 ^ir 1 
= (e<ier 1 x)<(nen<ier 1 x)^ 1 

= (e<ier 1 x)<(x- i iener 1 (e) ler 1 ^r 1 

Now we need to calculate eval(|<((^)<|Cr 1 ) _1 ® £<(<0~ la; )- Start with llCll<<0~ la; = 
(OICI -1 ^ = (£)l£l -1 ) as we on ly have nonzero summands for y = Then 

evald^^^ei -1 )- 1 ®^)"^) 

= ^((^((o^er 1 ) -1 ® w^)^<o) 
to find (oierMO. fast find (Oiei- 1 ^) = ler 1 ^), so 

Lemma 7.7 Let V be an object in T> . For 5 y ®xED the character ofV is given by the 
following formula, where y = su -1 with s G M and u G G: 

X v ( S v® x )= Y] |(^<s _1 xs) = x v As^xs) 

basis ofV u -i s 
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where xy = yx, otherwise X v {$y ® x ) = 0. Here x v is the group representat 
character of the representation V u -i s of the group sia&(u _1 s). 



ion 



Proof. From theorem 17.61 we know that 

basis of V with2/={£}|£| _1 

for with xy = yx. Set s = (£) and u = so y — su~ l . We note that s~ 1 xs is in 
sta6(w _1 s), because 



u s<s xs = s 1 x 1 su ss 1 xs = s 1 x l xsu l s = u 1 s. 



It just remains to note that ||£|| = |£| = u 1 s. □ 



8 Modular Categories 

Let M. be a semisimple ribbon category. For objects V and W in Ai define Syw £ 1 by 

coev(y) coev(iy) 



s 



vw 




figure 9 



There are standard results [TJ [T3] : 



Svw — Swv — Sy*w* — Sw*v*i Syi — dim(V^) 



Here dim(V) is the trace in M. of the identity map on V. 
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Definition 8.1 We call an object U in an abelian category A4 simple if, for any V in 
Ai, any injection V <— > U is either or an isomorphism £7J/. A semisimple category is an 
abelian category whose objects split as a direct sums of simple objects Wtf . 

Definition 8.2 f 2J/ A modular category is a semisimple ribbon category M. satisfying the 
following properties: 

1- There are only a finite number of isomorphism classes of simple objects in M.. 

2- Schur's lemma holds, i.e. the morphisms between simple objects are zero unless they 
are isomorphic, in which case the morphisms are a multiple of the identity. 

3- The matrix Syw with indices in isomorphism classes of simple objects is invertible. 

Definition 8.3 £7]/ For a simple object V , the ribbon map on V is a multiple of the 
identity, and we use Qy f or the scalar multiple. The numbers P^ 1 are defined as the 
following sums over simple isomorphism classes: 



P ± = ^6y ±1 (dim(y)) 2 



V 



and the matrices T and C are defined using the Kronecker delta function by 



T vw — 5vw 



Cvw — Syw* ■ 



Theorem 8.4 ^ In a modular category, if we define the matrix S by 



S 



S 



Vp+p 



then we have the following matrix equations: 




3 




s 2 = c 



CT = TC 



C 2 = l . 
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We now give some results which allow us to calculate the matrix S in T> . 
Lemma 8.5 coev(V) 




figure 10 



Proof. 




Proof. 



L.H.S. = 




Lemma 8.7 For V, W indecomposable objects in T>, trace (\I/y*yK ° ^wv*) — &vw- 
Proof. 

coev(V^) coev(V7) 



L.H.S. = 
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cocv( W) 




coev(V) cocv( W) 




= R. H. S. □ 
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Lemma 8.8 For two objects V and W in T>, 

£<8>r;G basis of V(&Wand 

— 1 (£) commutes with |»?t(??} — 1 

Proof. From theorem 16.21 we know that 

trace^ww o *vw) = ((®>v) ® v)) • (35) 

basis oiV<g>W 

From the definition of the ribbon map, we know that \P ® J7))<||£ ® T}\\ = £<||£|| <8> 
rj<\\r]\\, so 

*(*{t®v)) = (z<u\\®v«\\v\\)<u®r ] \r 1 

= (m\~ 1 (0®v<\vr 1 (v))<(v)- l (0- l Mv\ 

= (^ier 1 <o)^(ll^ii'/iill^>- 1 <o- 1 ieihi) ^^r^r^eneiM 

Put ^/(^/(^ ® rj)) = £' <g) rf and £ (g> 77 = a (g> (3, and then from lemma WT\ we get 

As £ <S> rj is part of a dual basis, the last expression can only be non-zero if ||£'|| = ||£|| and 
= ||r/||. A simple calculation shows that = \\rj\\ if and only if commutes 
with j^K^) -1 . We use this to find 

ii^ii<<^>~ 1 <^>" 1 ieii^i = i^r 1 ier 1 <e><^>ir 7 r 1 <r7><77>~ 1 <e>- 1 ieii^i 

and then 

iMN^enein = (vKvr'io^Mvm- 1 = (end!*)- 1 . 

Now using the formula for £ <g> 77 = a ® /3 from lemma l4"T1 gives the result. □ 
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Lemma 8.9 Let V and W be objects in D. Then in terms of group characters: 
trace(# 2 vw) = x w» s (s'H^v^s) ^(^V 1 ) . 

u,vGG, s,t£M and 
su commutes with vt 

Proof. This is more or less immediate from lemma ISTSl Put \\rj\\ = u _1 s and ||£|| = i> _1 t 
and sum over basis elements of constant degree first. □ 

9 An example of a modular category 

Using the order of the indecomposable objects in table (5), we get T to be a diagonal 
32 x 32 matrix whose diagonal entries are taken from the table. As every indecomposable 
object in our example is self-dual, the matrix C is the 32 x 32 identity matrix. 

To find S, we calculate the trace of the double braiding trace(^vw ° ^wv)- We do 
this using the result from 18.81 and split into different cases for the objects V and W, and 
move the points the characters are evaluated at to the base points for each orbit using 
12.31 For example: 

Case (1) (g> Case (1): (i.e. the orbit of W is {e} and the orbit of V is {e}) 

traced 2 ) = x We ( e )x Ve ( e )- 
Case (2) <g> Case (5): (i.e. the orbit of W is {a 3 } and the orbit of V is {b, ba 2 , ba A }) 

traced 2 ) = (x Wa3 (ba 2 ) + X w a3 ( fe4 ) + Xw a3 (°))x Vb i a3 )- 
Case (5) <g> Case (3): (i.e. the orbit of W is {b, ba 2 , ba 4 } and the orbit of V is {a 2 , a 4 }) 

traced 2 ) = 0. 
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Case (6) ® Case (5): (i.e. the orbit of W is {ba, ba 3 , ba 5 } and the orbit of V is {b, ba 2 , ba A }) 

traced 2 ) = 3 (x Wba (6a 4 ) Xv6 (te 3 )). 
From these cases we get S to be the following 32 x 32 symmetric matrix: 



S = 
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1 


2 
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1 
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1 
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1 


-1 


-1 


1 


-2 


2 


-1 
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-2 
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Now it is possible to check that the matrices S, T and C satisfy the following relations: 
S 2 = (ST) 3 , CS = SC, CT = TC . 
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10 An equivalence of tensor categories 

In this section we will generalize some results of [3] which considered group doublecross 
products, i.e. a group X factoring into two subgroups G and M. 

Definition 10.1 For the doublecross product group X = GM there is a quantum 
double D(X) = k(X) xikX which has the following operations 

{Sy (g> X)(S y l <S> X) — S x -ly Xi y> (Sy <g) XX ) , A (6 y (g) X) = Sg (g) X (g) £fe (g) X 

o6=y 

l = ^5 y (g>e, e(5 y (g) x) = 5 y)e , (g> x) = ^.-i^-i^ ® x _1 , 

(g> x)* = 8 x -iyx (g> x _1 , R = 5 X (g) e (g) 5 Z (g) x. 

x,z 

The representations of D(X) are given by X -graded left kX -modules. The kX action will 
be denoted by > and the grading by ||| . ||| . The grading and X action are related by 

|||x>e|| = xlleilx- 1 xex, £eV, (36) 

and the action of (S y (g> x) G D(X) is given by 

(Sy <g> X)>£ = Sy^^X^. (37) 

Proposition 10.2 There is a functor x from V to the category of representations of 
D(X) given by the following: As vector spaces, x(V) ^ s the same as V, and x is the 
identity map. The X -grading |||.||| on x(Y) an d the action of us G kX are defined by 

\\xijl)\\ = (V^lvl forrieV, 
us>x(v) = x({( s<i \ r ]\ 1 )^'V)^ Su ~ 1 J i sEM ueG. 
A morphism <fi : V — ► W in T> is sent to the morphism x{4>) '■ x(V) ~ * xiW) defined by 

34 



Proof. First we show that > is an action, i.e. vt>(us>x(v)) = vtus>x(f]) f° r an s,t E M 
and u,v e G. Note that 

vti>(us>x(v)) = v t>x{{{ s< \ r t\~ 1 )^ r i) : ^ u ~ 1 ) 

where fj = ((s<|?7| _1 )i>77)<iii _1 . On the other hand we have 

vtus = v(t>u)T(t<u, s) ((£<«) • s), 
where v(t>u)T(t<u, s) e G and ■ s e M, so 



(3f 



vtusi>x(v) — X\^[{((t<w,) • s)<\rj\ )>r]j<T(t<u,s) 1 (t>u) l v~ 

We need to show that 

(t<|?7| _1 )>r] = ((((ton) ■ s)<|?7|~ 1 )>?7j<ir(t<n, s)~ 1 (t>u)~ 1 

( ( t<iii ( so | ^? | ~ 1 ) ) • (s<|?7p 1 ))>?7j<ir(t<M, s) _1 (t>w) _1 
Put s = s<|?7| _1 and t]' = s\>rj which give fj = rj<u~ l . Then using the connections between 
the gradings and actions, 

\fj\ = \r) = ((tj )>u' 1 )~ 1 \r] 

Putting i = t<u\r]'\ \ the left hand side of (JHHj) will become 

(f<|^| _1 )>77 = (t<u\j] \ 1 ((r]'}t>u~ 1 ))>(r]'<iu~ 1 ) 



t<((r] )>u )j>(r) <u ) 
= (i>r])<^(i<\ri\)>u~ 1 j . 
Now, from (jHSj) and the fact that (t>u) _1 = <i| 77' | ) ot/ 1 , we only need to show that 

t&q = (((t^Ol^r 1 )) • (s<|?7|" 1 ))>r7)<T(^M,s)" 1 . (39) 
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From the formula for the composition of the M 'action' the right hand side of (|39|) becomes 
p>(s>r]) = p>rj , where p = t<u(s>\rj\~~ ) and p = p <t(s, (t]))t((s>t]) ,s <\i]\)~ l . We 
have used the fact that r(t<u, s) = r(p <(si>\r]\), s<\r]\). Now we just have to prove that 
p = t. Because r(s, (^))~ 1 (st>|^|) = r((s >rj), s <|7?|) _1 |s >rj\ and knowing that (s>|ry|) = 
(s>|?7|~ 1 )~ 1 , we can write p as follows 

p = p <a ( s o 1 77 1 ) | s o?7 1 1 

/ i i i \ / i i— 1\ ii 1 \~ i 

= t<u{s>\r]\ ){s>\rj\ ) \rj \ 

i -l 

= t<U\T] | — t . 

Next we show that |||ws>x(7y)||| = us \lx{v)\l (us)" 1 where u G G and s G M. 

1 x>x(v) 1 = iiix(((-M 7 ?r 1 )^)^~ 1 )iii 

= (r/ ^w" 1 ) -1 1 77 = m(t? ) 1 77 \u~ l 

= ti(s l>?7)~ 1 |s >?7|w" 1 = u(s <\r]\) (r])" 1 ^]^ ^r]])" 1 !^ 
= us{r))~ \r)\s~ u~ . □ 
Theorem 10.3 The functor \ is invertible. 

Proof. We have already proved in the previous proposition that the X-grading |||.||| and 
the action > give a representation of D(X), so we only need to show that \ is a 1-1 
correspondence, which we do by giving its inverse x _1 as the following: Let If be a 
representation of D(X), with kX action > and X-grading |||.|||. Define a D representation 
as follows: X l (W) wm t» e the same as W as a vector space. There will be G and M 
gradings given by the factorization 

mar 1 = ix-^orV 1 ®), e e (x-ho* e m, i^oi g g. 
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The action of s G M and u G G are given by 



Checking the rest is left to the reader. □ 



Proposition 10.4 For 5 y ®xeV, x{£^($y ® x )) = ^y,U\\ x ^xiO- 



Proof. Starting with the left hand side, 



x(£<(5y ® x)) = x(5yM\\ = 5 ym x(£<x) 



Putting x = us for u G G and s G M, 



£<x = £<us = (£<u)<s = ((s L <u 1 )>^)<(s 



Now put u = t(s , s) (s >u *) and s = s <u 1 . Then 



l >u- 1 )- 1 t(s l ,s). 



8,, 



usi>x(0 

r( S L , S )- 1 ( S W 1 )(^<n- 1 )> X (0 

(ua) _1 >x(0 = <y y ,||£|| x _1 >x(0- D 
Proposition 10.5 Define a map if) : D — > D(X) by ip{S y <S> x) = 5 x -i yx <g> x~ l . Then if) 
satisfies the equation x(£<(5 y ® x)) = tp(5 y Cg> 5c)>x(£) • 



Proof. Use the previous proposition. □ 

The reader will recall that D is in general a non-trivially associated algebra (i.e. it is 
only associative in the category D with its non-trivial associator). Thus, in general, it 
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can not be isomorphic to D(X), which really is associative. In general, if) can not be an 
algebra map. 

Proposition 10.6 For a and b elements of the algebra D in the category T>, 



Proof, bv 110.51 we have 

*((f<ia)<&) = i/j(b)> X (£<a) 

= V(&)>Ma)>x(£)) 
= ifj(b)ifj(a)> X (0- 

But also, where / = J2 y $y ® r (( a )> (fy), 

X {(t<a)<b) = X ((£<f(||a||,|H|))W) 

= iP(ab)> X (^f(\\a\\,\\b\\)) = ifj(ab)> X (r<f((a),(b))) 

= iP(ab)iP(f)> X (0- □ 

Definition 10.7 Let V and W be objects ofV. The map c : x00®x(W) — > x{V<8>W) 
is defined by: 



iP(b)if;(a) = iP(ab) ( ^ S y ® r«a>, 



c 



(xfa) ® x(0) = x((«€><kr 1 )>»7) ® e) 



Proposition 10.8 The map c, defined above, is a D(X) module map, i.e. 



c 



(x(v)®x(0)\i = lx(v)®x(0\i 
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Proof. We will begin with the grading first. It is known that 

Mv)®xm = MvMxm = (rir 1 \ri\(tr 1 \t\- 

But on the other hand we know, from the definition of c, that 

Hx(v)®x(m = \ix{((0«\v\- 1 >v®ti)t\ 

= <o- 1 <^>- 1 i^iiei 

= <0" 1 <^)" 1 |^7liei 

where s = (O^lvl" 1 an d V = ((O^M -1 )^ 7 ? = s&Vi which gives the result. 
For the G action, we know from the definitions that 

u>(x(v) ® x{0) = xiv^u' 1 ) ® xi^w 1 ), 

c(u>(x(v) ® x(0)) = x((((^M~ 1 )<l'7<^ 1 r 1 )>(^~ 1 )) ® (C<m _1 ) 
By using the properties of the G and M gradings, 

(£<m _1 )<]|77<« _1 | _1 = ((^)<m _1 )<w|^| _1 ((?7)>u _1 ) 
((^<ti" 1 )<|?7<i'U~ 1 |~ 1 )>(?7<M~ 1 ) = (((^)<|?7| _1 )<((^)>'u _1 ))>(77<iti" 1 ) 

= (((o<i^r 1 H<((((o<kr 1 )<ki)^ 
= (((e)<hr 1 )^)<((e>>«- 1 )- 

Now we can write 

[ «>(x(^) ® x(0)) = x((((c><kr 1 )>^)<((e)>^ 1 ) ® 
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On the other hand, 

u>c( X (v) ® x(0) = w>x((«0<M _1 W ® e) 

= x(((((0<kl" 1 W®^)^ -1 ) . 

which gives the same as (|40|). 

Now we show that c preserves the M action. For s 6 M, 

s>(x(»7) ® x(o) = x((s<i^r i )>r/) ® ^((^icr 1 )^) 
c(s>(x(?7) ®x(o)) = x((((a<icr 1 )>c><i(s<hr i )>»7r 1 )>((s<hr i )>»/) 

^((Mer 1 )^))- 

Using the 'action' property for >, we get 

«(s<|^r 1 )>^)<|(s<|77|- 1 )>77| _1 )>((s<|77|- 1 )>77) = ((p -t)>v)<ST(p<(t>\r)\),t<\r]\y ] 
where t = s<|?]|~ 1 and 

P = (M^^O^vr 1 r{(i>r]) ,i<\v\) rit, (r/))" 1 . 
But using the connections between the grading and the actions, we know that \t>r] 
(t>|r / |)- 1 r(t,(r ? ))r((t>? 7 ),t<|? ? |)" 1 , so 

= (Ncr 1 )>e><((^kr 1 )>ki) _1 

Substituting in the equation above gives 

(((s<|^|~ 1 )>^)<|(s<|r/|- 1 )>r/|" 1 )>((s<|7/|- 1 )>//) 

= (({(MtnHhMvn) ■ (^ki- l ))^)<r«( S <ier l K>^) _1 
= ((«(^ier 1 )>e>^)<ki- 1 )^)<r«( s <ier l )>e>, s ) _1 
= ((((Her 1 ) • (ohivryvyriiMtrn)^)- 1 . 
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On the other hand, we know that 

s>c( X (v) ® x(0) = s>x((«0<M -1 )>»7) ®^ 

= s>x(^®0 =x((H^®^~ 1 )>(^®0). 
where 77 = ((O^M -1 )^ 7 ?- Next we calculate 

i^<s>ei = ^(<^?>, <e»- 1 i^nei , 

If we put s = s< then 

M^crx^o = (a<T((^),<o))>(^®o 

® (s<|?7|)>£ 

= (^)<r( s <ier 1 ; (e))r((( s <ier 1 )>e>^)- 1 

Using the 'action' property again, 

^ = ( S <ier 1 i^r 1 )>(((eH^r 1 )>r ? ) 

/? / -((eH^r 1 ))^)<r(g'<(((o^r 1 )H^),(o)" 1 
= ((9 , -((0<kr 1 ))^)^(g , <((0>kr 1 )" 1 ,(e)) _1 , 

where 

g ' = ( S < ier 1 i^r 1 )<r«((o<i^r 1 )>r ? >, <£» ^(<e><i^?r 1 , (v))' 1 



as 



ir 1 = (((^M^^irv^M- 1 , (v)) r{(((o<\vn>v), (or 1 
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Hence substituting with the value of q' we get 

m =((((« lei-^^W" 1 ))-^)^!" 1 ))^)^^^^!- 1 ),^))" 1 
= ((«*< icn • (e»<kr 1 )>r 7 )<r( s < ler 1 , , 

giving the required result 

= (((Mr 1 ) ■ (0)<i'?r 1 )^)^-«(Her 1 )^>,«)" 1 ■□ 
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